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Let 9 be a completely arbitrary family of circular discs of unit radius on the plane. We show 
that 9 cannot be too evenly distributed relative to all directons. Actually we prove that there is 
a ‘random size’ oscillation. 
1. Introduction 
Let 9 = {D1, 4, 4,. . . .} be an arbitrary infinite family of circular discs on 
the plane having common radius one. We say that 9 has density (Y if 
lim($?r)-* 2 area(Di n {x = (x1, x2) E R2: X: +x; cy”}) 
Y-” i=l 
exists and is equal to (Y. 
Let S be a straight line segment, and put 
I(9, S) = 2 length (Dj II S). 
i=l 
Our purpose is to prove 
Theorem 1.1. Let 9 be a family of circular discs of unit radius on the plane. 
Suppose 9 has positive density a. Given an arbitrarily large real number r > 1, 
one can find two parallel straight line segments S, and S, with length(&) = 
length(&) < r and with deviation 
149, SI) - l(a, S2)1 > co(a) .rt, 
where the positive constant q,(a) depends only on the density 1~. 
Let us make some remarks about the theorem. 
(1) If 9 has no density then the maximal deviation in Theorem 1.1 is at least 
const . r. 
(2) There is no analogous ‘large deviation’ phenomenon if we restrict ourselves 
to horizontal and vertical line segments only. For consider the following 
construction. We start with introducing the well-known von der Corput sequence. 
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The recursion of this sequence is illustrated by the scheme 
1 
2, 
;,i+i, 
$,$++,++&$+t++, 
$&j+$,&+&&+~++,&+& 
&+$+&+i+‘j,&+i+$+& 
. . . 
More precisely, let w, = 0 and w21+, = 2-‘-l + We, i 3 0, 0 <j < 2’. Further, let 
w_~ = wi, i 3 0. From the hierarchic construction it follows that the set { W”+j: 0 G 
j < 2’) is an ‘equidistant Y-set’ in [0, 1) whenever n = 2”1+ 2”‘~ + * * * + 2”‘k, k 2 0, 
ml>m,>*. - > mk > i (a set is an ‘equidistant N-set’ if it is a translate of 
{0,1/N, 2/N, . . . , (N - 1)/N}). 
Let Oi,j = (i + wj, j + wi), (i, j) E Z2, and denote by S&, the family of unit circular 
discs centered at the points Oi,j, (i, j) E Z2. Clearly ga, has density JG. 
Now let S be a horizontal or vertical straight line segment starting from x,-axis 
or x,-axis, respectively. In order to estimate l(& S) we need the 
elementary result. 
Let f&j = 2(1- (1 -x)‘)‘, 0 sx G 2 and let W be an equidistant 
[0, 1). Using the convexity of the discs, elementary argument gives 
I I JI. = 02f(~) dx - 2-” w-w u(w) +f(w + 1))1< ci 2-3m’2 
following 
2n-set in 
(1) 
(throughout ct, c2, . . . denote positive absolute constants). Let n be the integer 
part of length(S), and let n=2”1+2m2+...+2m,,m,>m,>...>mk~0. By 
(1) we obtain that 
lZ(!&,, S) - n length(S)1 < c2 + ci($ 2Yi2) G c2 + cl(zO 2-f12) = ~3. 
From this it follows that for any two parallel horizontal or vertical straight line 
segments Si, S, of equal length the deviation 11(9&, S,) - l(5&,, S2)( is uniformly 
bounded from above. 
Moreover, there is no ‘large deviation’ phenomenon for translates of the unit 
square U2 = [O, 1)2. Indeed, consider the family U2 + m, m E Z2. 
(3) We make no attempt to find a good value of the function c,,(a). The proof 
gives 
c0( a) G= 
I 
const . a, O<LuSl, 
const . IX-~/~, aa 1. 
(4) For a very interesting result in the opposite direction, see Frankl, Path and 
Rod1 [2]. In Part II of this paper we shall discuss the sharpness of the theorem. 
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2. Proof of Theorem 1.1 
Using a Fourier transform approach we shall blow up the ‘trivial deviation’ (see 
(10) below). For a result of the same spirit, see e.g. Beck [l]. 
We introduce two measures. For any Lebesgue measurable set A c R2 put 
and 
v”(A) = c p(A n Q II [-n, n]‘) 
i=l 
PO(A) = P(A n L-n, nl*), 
where IZ = n(r) will be fixed later and p denotes the two-dimensional Lebesgue 
measure. 
Let T(r) denote the rectangle -+$r c x1 < ir, -$4 x2 c i. Given a real number 
0 <A < 1 and an angle TV E [0, x), let T(r, A, v) denote the rotated image of 
8I. T(r) = {Ax: x E T(r)} by the angle 21. Denote by xr,+ the characteristic 
function of T(r, A, v), i.e., 
r,A,v (xl = [ 
1 
x 
ifxE T(r,A, 2/) 
0 if x 4 T(r, A, v). 
Let 
F r,A,u = Xr,,k.,v * (dvo - ‘Y $4 
where * denotes the convolution operation. More explicitly, 
(2) 
- ~u((w, A, v> + 4 n t-n, 4% (3) 
where T(r, A, u) +x denotes the translated image of T(r, A, V) by the vector 
XER2. 
Given a positive real b and an angle ZJ E [0, n), let Q(b, .v) denote the rotated 
image of the square [-$b, ib]’ by the angle 21. Let Xb,v denote the characteristic 
function of Q(b, ZJ). Set 
Gb,v = Xb,u * (dv, - a d/d, (4) 
that is, 
G,,,(x) = jj& - y)(dvo - cv d/dbCv) 
= lgl ,d(Q(b> ?J) +x) n a f-7 1-9 A*) 
- w((Q(h ~1 +x) n I-n, 4’). 
The proof of Theorem 1.1 is based on the following lemma. 
(5) 
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Lemma 2.1. For arbitrary 0 < b < 1 < r we have 
First we explain how this lemma helps to prove the theorem. We need some 
notation. Denote by B(x, p) the circular disc centered at x E R* and having radius 
p > 0. Given an interval [@, y) c [0, 23~) write 
B(x, p; p, y) = {y E B(x, p): the angle between the ray xy (starting from 
x and passing through y) and the positive 
half of x,-axis belongs to the interval [/I, y)}. 
Let O(Q) denote the centre of the disc Di, i 3 1. Using this notation we clearly 
have B(O(D,), 1; 0, 237) = Oi. 
Let b = 10-lO(max{a, l})-“. Suppose B(x,, 9) c [-n, n]‘. In order to estimate 
the integral 
I 
(G,,,(X))* dx (V is arbitrary) 
B(.% 8) 
we distinguish three cases. 
Case 1. [{i 3 1: Di C B(xO, 4)}] 2 1 and I{i > 1: Di c B(x,, 7)}] C 200 max{a, l}. 
(IH] denotes, as usual, the number of elements of Z-T). Let Di, c B(x,, 4). Set 
J = 0’ > 1: j # i. and the Euclidean distance of O(Dj) 
and O(Oi,) is at most i}. 
Let m be the integer part of 8.200 max{ar, l}, and put 
M = {q: 16 q s m and some Di, i 4 J U {io} intersects the circular 
arc on the boundary of B(O(Di,), 1; 2n(q - 1)/m, 2nqlm)). 
By hypothesis, ]M] s (am), and so there is a qo, 1 < qo< m such that {q. - 
1, qo, q. + l} fl M = 0. Let 
A- = B 
40-l 
0(&J, l;T2x,$2n 
B ( qo- 1 O(Q), 1 -&-g ;- m 2n,z2n > 
(\ denotes the set-theoretical difference) 
A+=B 
qo- I 
O(D,,), l+&;- 
m 
B O(oi,J, 1, ( 90-l ._2n,@2n . m > 
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Elementary calculation shows that for every i #J U {io} there are only two 
possibilities: either A+ c Df and at the same time A- c Di, or A+ fl Di = 0 and at 
the same time A- II Di = 0 (the ‘worst case’ is when Di, and Dj touch each other). 
Suppose Q(b, u) +x1 c A- and Q(b, u) +x2 c A+. Simple geometric considera- 
tion shows that for every j E J 
P((Q(~~ ~1 +XI) “4) ~P((Q(~, ~1 +x2) n Dj). 
Furthermore, by the above-mentioned observation we have for every i q! J U {io} 
P((Q@, VI+ 4 n DJ = ,d(Q@> VI+ ~2) n Qh 
Obviously p((Q(b, u) +x1) n Di,) = b* since Q(b, v) +x1 c Di,. Moreover, 
clearly (Q(b, u) + x2) fl Di, = 0. Summarising, we obtain 
whenever Q(b, v) +x1 c A- and Q(b, v) +x2 cAf. Therefore, by (5) we 
conclude that 
G,,(xJ - G,,v (~2) 3 b2, 
that is, 
~G/A~r)I + k%,&,)l 2 b2, (6) 
whenever Q(b, u) +x1 cA- and Q(b, v) +x2 cA+. 
Given a convex set A c R2 and a positive p, write A[p] = {y E A: B(y, p) c 
A}. Using (6) we get that for each u E [0, n) 
I,,, 8) (Gb,v (x))’ do 2 I,_,,,,,,,,;, (Gb,v (x))’ do + 1 (Gh,&))* d-~ 
A’[1/400m*] 
> c5mp3b4 = c,(max{ a, l})-“b. (7) 
(note that b < (400m2)-‘). 
Case 2. I{i 2 1: Di c B(.q,, 4)}1 = 0. Then for every x E B(x,, 1) and u E [0, n) 
$r p((Q(b, v> +x> n Di n L-n, nl’> = 0, 
and so by (5) 
(G&x))*= {mp((Q(b, u)+x) n [-n, t~]~)}~= m2b4. 
Consequently 
(Gb,“(x))’ dr = m2b4 = c,&2(max{(Y, 1})-6b. (8) 
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CUM 3. ]{i 2 1: Di c B(x,, 7)}] > 200 max{a, l}. Let I* = {i 3.1: Di c B(x,, 7)). 
Using the elementary inequality (a - b)2 3 ia2 - b2 (a, b E R) and (5), it is easy to 
see that 
3: I 1 i: ,4(Q(b, v) +x> n Di n [-n, n]‘)}* dir B(xo.8) i=l 
- I {w((Q(b, ~1 +x1 n I-n, 4"))'dr B(%W 
1 
~2P(Z%P 8)) , {I,,, 8) (2 d(Q@, ~1 +x> nDi n L-n, 4’)) h}2 
- 64n(u2b4 
1 
+I i 12&l B(xu,8) iz, cl((Q(b9 v> +x) n Di n r-n, nl*)) h}2- 64xa2b4. 
Since by hypothesis II* I> 200 max{ a, l} and by Fubini’s theorem 
8)~((Q(by v) +x) n Di n [-n, n]“) dr = _/ b2dx=b2n 
4 
for every i E Z*, we conclude that 
max{ a, l}b2rc)2 - 64xa2b4 
1 1 >-._ 
2 128Jr(200 
max{ Ly, l}b2rc)* 
= C,(max{ m, 1})-4b. 
Now from (7), (8) and (9) we have that for each u E [0, rc) 
whenever B(x,, 9) c [-n, n]“. 
Let n = 10r. Then by (10) we see 
2 c10r2a2(max{ a, 1)))‘lb, 
and applying now Lemma 2.1. we have 
(F,,A,,(x))2 dx dv dh > cllr3cy2(max{ a, l})-“. 
(9) 
(10) 
(11) 
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From (3) and (11) it follows by a standard averaging argument that there exist 
y, E R2, 0 < &-, s 1 and 2r0 E [0, JC) such that 
$i A(T(r, AOJ vo) + yo) n a n L-n, 4”) 
- cup((T(r, A”, 2ro) + yo) fl [-n, nl’) ’ 2co(+-4 (12) 
where 
c,,(a) = { 
const . a forO<cuGl 
const . a-% for cr 2 1. 
Inequality (12) immediately yields the existence of a straight line segment S1 such 
that I= length(&) d r and 
\Z(9, S,) - all > 2co(cu)rf. (13) 
On the other hand, since 9 has density LY, for any E > 0 there must exist another 
straight line segment S, such that S, and S, are parallel, length(&) = length(&) = 1 
and 
s ((t’ + ~)1 
I(” “) = 1 ?(a - &)I 
whenever I(9, S,) > cul 
whenever Z(9, S,) < cul. (14) 
Choosing E = c,,(cu)r-f and combining (13) and (14) we obtain the desired 
inequality 
ll(9, S,) - E(9, S*)l > C,((Y)Ti 
Proof of Lemma 2.1. We need some well-known general formulae from Fourier 
analysis. For any f E L2(R2) denote by 
the Fourier transform of f (here i = G and x - t is the standard inner product 
xit, + x2t2). It is known (see any textbook) that for any f, g E L2(R2) 
where * is the convolution operation, and 
~nzlf(x)12dx = ]Rzf(t)12 dt (Plancherel identity). 
By (2), (15) and (16) we have 
x [(co - a co)(t)12 dt 
(16) 
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where 
q(t) = (co - a&$(t) = $ _/ze-Y’r(dvO - LY dpo)(x). 
Similarly, by (4), (15) and (16) 
$ ~z(G,&))2~ du = i= &zk%,,,(Qi2 dt dv 
We claim that for every 0 < b < 1 < r and t E R2, 
By definition, 
Hence we get 
2 
r, ,v 
h (t) = 2 sin@(el(u) -O/2) sW(e2(v) - W) 
x cl(v) - t e2(v) -t ’ 
(19) 
(20) 
where e,(v) = (cos ‘u, -sin v), e2(u) = (sin U, cos V) and u - IJ denotes the stand- 
ard inner product. Similarly 
3ib 
JJ 
(t) = 2 sin(b(el(u) . V) sin(b(e2(v) . W) 
x el(v>. t e*(u) . t . 
Applying the trivial bound 
’ ii 
SWY) ~ 
I4 for Id +j 
Y -!__ 
IYI 
for IY~>~ 
I aI 
to (21) we obtain (ItI = (tf + t@ is the usual length) 
(21) 
(22) 
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On the other hand, let 
Q = [ 21 E [0, n): lel(v) . tJ Ci]. 
Clearly length(Q) > l/(1 + r ItI). Using the simple inequality 
sin 2 2, whenever (y ( s &c 
Y JT 
to (20) we obtain 
3 Cl4 
II ( 
lr2 sin(d(e,(v) . t)/2) 
Qt e2(v) * t > 
2dAdu 
Zc15 r2 
I 
1 r2 
R (1 + ItI> dzJ = Cl5 (1 + It,>2 length(Q) 
r2 1 
> c15 (1 + ICI)2 1 + Y ItI 
c16r2 for ItJ Sb 
G= y 
c16 It/ 
for b < ItI 5 3 
‘+3 for ItI > 1. (23) 
Now comparing (22) and (23) we obtain the desired uniform inequality (19). 
Combining (17), (18) and (19) the lemma follows. 0 
This completes the proof of Theorem 1.1. 0 
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